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STUDY OF SOLITONS ON SUBMANIFOLDS OF KENMOTSU
STATISTICAL MANIFOLDS
M. DANISH SIDDIQI, ALIYA NAAZ SIDDIQUI, NAOTO SATOH, AND O. BAHADIR
Abstract. The differential geometry of Kenmotsu manifold is a valuable part
of contact geometry with nice applications in other fields such as theoretical
physics. Theoretical physicists have also been looking into the equation of
Ricci soliton and Yamabe soliton in relation with Einstein manifolds, Quasi
Einstein manifolds and string theory. In this research servey, we examine the
Ricci solitons and Yamabe soliton on statistical counterpart of a Kenmotsu
manifold, that is, Kenmotsu statistical manifold with some related examples.
We investigate some statistical curvature properties of Kenmotsu statistical
manifolds. Also, we study the almost η-Ricci solitons on submanifolds of
Kenmotsu statistical manifold with concircular vector field. Furthermore, we
have also discuss the behavior of almost quasi-Yamabe soliton on subamnifolds
of Kenmotsu statistical manifolds endowed with concircular vector field and
concurrent vector filed. Finally, we have furnish an example of 5-dimensional
Kenmotsu statistical manifolds admitting the η-Ricci soliton and almost quasi-
Yamabe soliton as well.
Mathematics Subject Classification: 53C15, 53C25, 53C40.
Keywords and phrases:Ricci Soliton; Almost Ricci Soliton; Almost quasi-Yamabe
soliton; Kenmotsu statistical manifolds; Einstein statistical manifolds..
1. Introduction
The differential geometry of Ricci solitons, Yamabe solitons, η-Ricci solitons
and almost quasi Yamabe solitons are the natural extensions of Einstein metrics.
In 1982, R.S. Hamilton simultaneously popularized the knowledge of Ricci flow and
Yamabe flow satisfies the first order partial differential equation [17]
(1.1)
∂
∂t
g(t) = −2Ric(g(t)), g(0) = g0,
which is used to deform a metric by smoothing out its singularities. Ricci flow has
become a powerful tool for study of Riemannian manifolds with positive curvature
as well as negative. Precisely, a Ricci soliton on Riemannain manifold (B, g) is
defined as a data (g, ξ, λ) satisfies the equation
Ric+
1
2
Lξg + λg = 0,(1.2)
where Ric is the Ricci tensor, Lξ is the Lie derivative along the vector field ξ on
M and λ is a real scalar. Ricci soliton is said to be shrinking, steady or expanding
according as λ < 0, λ = 0 and λ > 0, respectively.
An advance extension is the concept of η-Ricci soliton developed by Cho and
Kimura [8] as a quadruple (g, ξ, λ, ω), for ξ a vector field on the Riemannian man-
ifold (B, g) and λ and ω real constants, satisfying the equation
2Ric+ Lξg + 2λg + 2ωη ⊗ η = 0,(1.3)
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where η is the g-dual 1-form of ξ. Moreover, if λ and ω are let to be smooth
functions, we discuss about almost Ricci solitons [22] and almost η-Ricci solitons,
respectively. The concept of almost Ricci soliton was first introduced by Pigola et
al. [22] adding the condition on the parameters λ and ω in (1.2) and (1.3) to be a
real smooth functions on (B, g).
On the other side, The Yamabe problem in differential geometry concerns the
existence of Riemannian metrics with constant scalar curvature, and takes its name
from the mathematician Hidehiko Yamabe in 1960. In differential geometry, the
Yamabe flow is an intrinsic geometric flow a process which deforms the metric of a
Riemannian manifold. The fixed points of the Yamabe flow are metrics of constant
scalar curvature.
The conception of Yamabe solitons, which generate self-similar solutions to Yam-
abe flow [17]:
(1.4)
∂
∂t
g(t) = −R(t)g(t),
where R(t) denotes the scalar curvature of the metric g(t). Yamabe soliton corre-
sponds to self-similar solution of the Yamabe flow.
In dimension n = 2 the Yamabe flow is equivalent to the Ricci flow define by
equation (1.2). However min dimension n > 2 the Yamabe and Ricci flow do not
agree, since the first one preserve the conformal class of the metric but the Ricci
flow does not in general.
A Riemannian manifold (M, g) is a Yamabe soliton if it admits a vector field E
such that
(1.5) LEg = 2(R− λ)g,
where LE denotes the Lie derivative in the direction of the vector field E, R is the
scalar curvature of the metric g and λ is a real number. Furthermore, a vector filed
E is called a soliton field. In the following, we denotes the Yamabe soliton satisfying
(1.5) by (M, g,E, λ). A Yamabe soliton is said to be shrinking, steady or expanding
if it conceding a soliton filed for which, respectively, λ > 0, λ = 0 or λ < 0.
Recently, in [5] B.Y. chen and S. Desahmukh investigated the concept of quasi-
Yamabe soliton which we shall consider in the present paper more general case ,
when the constant are let to be functions. If λ is a smooth function on M then the
metric satisfying (1.5) is called almost Yamabe soliton.
Let (M, g) be an n-dimensional Riemannian manifold (n > 2), V a vector filed
and η a 1-form on M , then we have the following definition:
Definition 1.1. ([5]). An almost quasi-Yamabe soliton on M is a data (g, V, λ, µ)
which satisfy the equation
(1.6)
1
2
Lξg + (λ−R)g + ωη ⊗ η = 0,
where Lξ is the Lie derivative operator along the vector filed ξ and λ and ω are
smooth function on M .
In 1939, [14] A. Fialkow, has been proposed the theory of concircular vector
fields on a Riemannian manifold M as vector fields which satisfy
∇Ev = µE,(1.7)
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where E ∈ TM and ∇ denotes the Levi-Civita connection, TM the tangent bundle
of M and µ a non-trivial function M . Concircular vector fields are also known as
geodesic fields because their integral curves are geodesics [14]. Recently, B. Y. Chen
[4] studied Ricci solitons on submanifolds of a Riemannian manifolds equipped with
a concircular vector fields. In equation (1.7) for particular case µ = 1, the concir-
cular vector field v is called concurrent vector field.
In the past twenty years, the significance and interest in studying Ricci soli-
tons, Yamabe soitons and their generalizations in different geometrical contexts
has considerably enhanced due to their connection to general relativity, applied
mathematics and theoretical physics. Many authors exclusively discussed the Ricci
soliton, η-Ricci soliton, Yamabe solitons on almost contact manifolds manifolds
such as (see [6], [7], [9], [23], [24]).
While, in the other hand, information geometry is a progressive and important
domain in Statistical discourse. The notion of statistical manifolds was first intro-
duced by Amari in [1] and applied by Lauritzen in [16].
A Riemannian manifold (B, g) with a Riemannian metric g is said to be a statisti-
cal manifold (B,∇, g) if∇g is symmetric and a pair of torsion-free affine connections
∇ and ∇
∗
on B satisfies
Gg(E,F) = g(∇GE,F) + g(E,∇
∗
GF),
for any E,F,G ∈ Γ(TB). Here ∇
∗
is called the dual connection on B.
Remark 1.2. We have
(i) ∇ = (∇
∗
)∗.
(ii) 2∇
g
= ∇+∇
∗
,
where ∇
g
is the Levi-Civita connection of g on B.
(iii) if (∇, g) is a statistical structure on B, then (∇
∗
, g) is again a statistical
structure.
For a statistical manifold (B,∇, g), set K = ∇−∇
g
. Then K ∈ Γ(TB
(1,2)
)
KEF = KFE,
and
g(KEF,G) = g(F,KEG)
hold for any E,F,G ∈ Γ(TB). Conversely, if K satisfies above relations, then
(B,∇ = ∇
g
+K, g) becomes a statistical manifold and write KEF as K(E,F).
The statistical curvature tensor field S
∇,∇
∗
= S with respect to ∇ and ∇
∗
of
(B,∇, g) is [13]
S(E,F)G = Rie
g
(E,F)G + [KE,KF]G,(1.8)
for any E,F,G ∈ Γ(TB). Here Rie
g
denotes the curvature tensor field with respect
to ∇
g
.
K. Kenmotsu [15] studied the third class (that is, the warped product spaces
B ×s M , where B is a line and M a Kaehlerian manifold) in Tanno’s classification
of connected almost contact metric manifolds whose automorphism group has a
maximum dimension. He analysed the properties of B ×s M and characterized it
by tensor equations. Nowadays such a manifold is known by Kenmotsu manifold.
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Study of Ricci soliton in Kenmotsu manifolds was developed by Nagaraja and
Premalatha [19]. After that, many geometers has extensively studied Ricci solitons
in Kenmotsu manifold as mentioned earlier.
Recently, Furuhata et al. [13] studied the statistical counterpart of a Kenmotsu
manifold and introduced the notion of Kenmotsu statistical manifolds by putting
an affine connection on a Kenmotsu manifold. They gave a method how to form a
Kenmotsu statistical manifold as the warped product of a holomorphic statistical
manifold [12] and a line. In [26], Aliya et al. studied statistical solitions for for
statistical warped product submanifolds.
Our latest approach has motivated by the above studies, it is natural and in-
teresting the study of extension Ricci solitons and Yamabe solitons on Kenmostsu
Statistical manifold. Therefore, in the present research we are going to establish the
new framework of Ricci solitons and Yamabe solitons on Statistical manifolds case
with respect to a statistical constant curvature of the ambient Kenmotsu statistical
manifold.
2. Preliminaries
Let (N,∇, g) and (B,∇, g) be two statistical manifolds. An immersion ι : N →
B is called a statistical immersion if (∇, g) coincides with the induced statistical
structure, that is, if
(∇Eg)(F,G) = (∇Fg)(E,G)(2.1)
holds for any E,F,G ∈ Γ(TB). If a statistical immersion exists between two sta-
tistical manifolds, then we call (N,∇, g) as a statistical submanifold in (B,∇, g).
Then the Gauss formulae are [27]
∇EF = ∇EF + h(E,F),(2.2)
and
∇
∗
EF = ∇
∗
EF + h
∗(E,F),(2.3)
for any E,F ∈ Γ(TN). We denote the dual connections on Γ(TN⊥) by D⊥ and
D⊥∗. Then the corresponding Weingarten formulae are [27]:
∇EU = −AUE +D
⊥
EU,(2.4)
and
∇
∗
EU = −A
∗
UE +D
⊥∗
E U,(2.5)
for any E ∈ Γ(TN) and U ∈ Γ(TN⊥). The symmetric and bilinear embedding
curvature tensors of N in B with respect to ∇ and ∇
∗
are denoted by h and h∗
respectively. The linear transformations AU and A
∗
U are given by [27]
g(h(E,F), U) = g(A∗UE,F),(2.6)
and
g(h∗(E,F), U) = g(AUE,F),(2.7)
for any E,F ∈ Γ(TN) and U ∈ Γ(TN⊥).
We denote the Riemannian curvature tensor fields with respect to ∇ and ∇
∗
by Rie and Rie
∗
, respectively. Also, R and R∗ are the the Riemannian curvature
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tensor fields with respect to the induced connections ∇ and ∇∗ of ∇ and ∇
∗
,
respectively. Then the Gauss equations are [27]
g(Rie(E,F)G,H) = g(R(E,F)G,H) + g(h(E,G), h∗(F,H))
−g(h∗(E,H), h(F,G)),(2.8)
and
g(Rie
∗
(E,F)G,H) = g(R∗(E,F)G,H) + g(h∗(E,G), h(F,H))
−g(h(E,H), h∗(F,G)),(2.9)
for any E,F,G,H ∈ Γ(TN). Also, we have
2S = Rie+Rie
∗
,(2.10)
and
2S = Rie+Rie∗,(2.11)
where S∇,∇
∗
= S ∈ Γ(TN (1,3)) denotes the statistical curvature tensor field with
respect to ∇ and ∇∗ of (N,∇, g).
In general, one cannot define a sectional curvature with respect to the dual
connections (which are not metric) by the standard definitions. However, B. Opozda
[20, 21] defined a sectional curvature on a statistical manifold as follows:
K(E ∧ F) = g(S(E,F)F,E)
=
1
2
(g(Rie(E,F)F,E) + g(Rie
∗
(E,F)F,E)),(2.12)
for any orthonormal vectors E,F ∈ Γ(TB).
Kenmotsu geometry is a branch of differential geometry with nice applications
in mechanics of dynamical systems with time dependent Hamiltonian, geometrical
optics, thermodynamics and geometric quantization. Also, the study of subman-
ifolds in Kenmotsu ambient spaces is a valuable subject in Kenmotsu geometry,
which has been analysed by many geometers.
Definition 2.1. [13] Let (B,∇, g, φ, ξ) be a Kenmotsu manifold. A quadruplet
(B,∇ = ∇
g
+ K, g, φ, ξ) is called a Kenmotsu statistical manifold if (∇, g) is a
statistical structure on B and the formula
K(E, φF) = −φK(E,F)(2.13)
holds for any E,F ∈ Γ(TB). Here we call (∇, g, φ, ξ) a Kenmotsu statistical struc-
ture on B.
Example 2.2. We consider a 5-dimensional Kenmotsu manifold [29]
(B = {(x, y, z, u, v) ∈ R5|v > 0}, g, φ, ξ),
where (x, y, z, u, v) are the standard coordinates in R5. Choose the vector fields
{e1, e2, e3, e4, e5} as
e1 = exp
−v ∂
∂x
, e2 = exp
−v ∂
∂y
,
e3 = exp
−v ∂
∂z
, e4 = exp
−v ∂
∂u
,
e1 =
∂
∂v
= ξ.
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The Riemannian metric g is given by
g(ei, ej) = 0, g(ei, ei) = 1
∀i 6= j, where i, j = 1, . . . , 5. A (1, 1) tensor field φ is defined as
φ(e1) = e3, φ(e2) = e4, φ(e3) = −e1,
φ(e4) = −e2, φ(e5) = φ(ξ) = 0.
By using Koszul’s formula, the Levi-Civita connection ∇g of g is given by
∇geiei = −ξ, ∇
g
ei
ej = 0,
∇geiξ = ei ∇
g
ξei = 0,
∇gξξ = 0
∀i 6= j, i, j = 1, . . . , 4.
Now, for any E,F ∈ Γ(TB), a ∈ R, we set the difference tensor field K as
K(E,F) = ag(E, ξ)g(F, ξ)ξ,
then the dual torsion-free affine connections ∇ = ∇g + K and ∇
∗
= ∇ − 2K are
defined as follows:
∇eiei = −ξ, ∇eiej = 0,
∇eiξ = ei ∇ξei = 0,
∇ξξ = aξ,
and
∇
∗
ei
ei = −ξ, ∇
∗
ei
ej = 0,
∇
∗
ei
ξ = ei ∇
∗
ξei = 0,
∇
∗
ξξ = −2aξ.
It is easy to verify that
Gg(E,F) = g(∇GE,F) + g(E,∇
∗
GF),
and
K(E, φF) + φK(E,F) = 0.
Thus, (B = {(x, y, z, u, v) ∈ R5|v > 0},∇, g, φ, ξ) is a 5−dimensional Kenmotsu
statistical manifold.
Any E ∈ Γ(TN) can be decomposed uniquely into its tangent and normal parts
PE and CE respectively,
φE = PE + CE.
A statistical submanifold (N,∇, g) in a Kenmotsu statistical manifold (B,∇, g, φ, ξ)
is said to be invariant, C = 0, (respectively, anti-invariant, P = 0) if φE ∈ Γ(TN)
for any E ∈ Γ(TN) (respectively, φE ∈ Γ(TN⊥) for any E ∈ Γ(TN)).
A submanifold (N,∇, g) of a Kenmotsu statistical manifold (B,∇, g, φ, ξ) is said
to be totally umbilical if
h(E,F) = g(E,F)H(2.14)
and
h∗(E,F) = g(E,F)H∗(2.15)
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for any vector fields E,E ∈ Γ(TN). Moreover if h(E,F) = 0, h∗(E,F) = 0 for all
E,E ∈ Γ(TN), then N is said to be totally geodesic and if H = 0 and H∗ = 0 then
N is minimal in B.
Example 2.3. Let (φ, ξ, η, g) be a Kenmotsu structure on unit hypersphere S5.
By taking K(E,F) = aη(E)η(F) and ∇ = ∇g + K, (S5, φ, ξ, η, g) is a Kenmotsu
statistical manifold ( see Example (2.2), Page 4). So for if i = 1, 2, (xi, yi, v) be
local coordinates of S5, then we put
ξ =
∂
∂v
,
φ
(
∂
∂xi
)
=
∂
∂yi
,
φ
(
∂
∂yi
)
= −
∂
∂xi
,
φ
(
∂
∂v
)
= 0.
Let N = (x1, y1, 0, 0, v) be a 3-dimensional submanifold of S5. Then N is an
invariant submanifold such that ξ is tangent to N .
3. Some Statistical Curvature Properties
In this section, we recall some fundamental results of [13], [25], which shall be
required to prove results of this articles.
Proposition 3.1. [13] Let (B˜,G, J) be an almost Hermitian manifold. Set B =
B˜ × R, g = exp2α g + (dα)2, ξ = ∂
∂α
∈ Γ(TB) and define φ ∈ Γ(TB
(1,1)
) by
φE2 = JE2 for any E2 ∈ Γ(T B˜) and φξ = 0. Then,
(i) The triple (g, φ, ξ) is an almost contact metric structure on B.
(ii) The pair (G, J) is a Ka¨hler structure on B˜ if and only if the triple (g, φ, ξ)
is a Kenmotsu structure on B.
Theorem 3.2. [13] Let (B˜,G, J) be a Ka¨hler manifold, (B = B˜ × R, g, φ, ξ) the
Kenmotsu manifold as in Proposition 3.1, and (∇ = ∇g+K, g) a statistical structure
on B. Define A ∈ Γ(TB
(0,2)
⊗ T B˜), Θ ∈ Γ(TB
(0,2)
) and K ∈ Γ(T B˜(1,2)) by
K(E1,F1) = A(E1,F1) + Θ(E1,F1)ξ, and K(E2,F2) = A(E2,F2),
for E1,F1 ∈ Γ(TB) and E2,F2 ∈ Γ(T B˜). Then the following conditions are equiv-
alent:
(i) (∇, g, φ, ξ) is a Kenmotsu statistical structure on B.
(ii) (∇˜ = ∇G + K,G, J) is a holomorphic statistical structure on N , and the
formulae A(E1, ξ) = 0, Θ(E1,F2) = 0 hold for E1 ∈ Γ(TB) and F2 ∈
Γ(T B˜).
Theorem 3.3. [13] Let (B = B˜ × R, g, φ, ξ) be a statistical manifold and (g, φ, ξ)
an almsot contact metric structure on (B. (∇, g, φ, ξ) is a Kenmotsu statistical
structure B if and only if the following conditions holds
∇E(φF) − φ∇
∗
EF = −η(F)φE + g(φE,F)ξ(3.1)
∇Eξ = E− [η(E)− µ(E]ξ(3.2)
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for any E,F ∈ Γ(TN), where µ(E) = −η(∇
∗
Eξ) = η(∇Eξ) = η(K(ξ, ξ))η(E).
Proposition 3.4. [13] Let (B˜, ∇˜ = ∇G + K,G, J) be a holomorphic statistical
manifold, and (B = B˜ × R, g, φ, ξ) the Kenmotsu manifold as in Proposition 3.1.
For any β ∈ C∞(B), define K ∈ Γ(TB
(1,2)
) by
K(E2,F2) = K(E2,F2), K(E2, ξ) = K(ξ,E2) = 0, and K(ξ, ξ) = βξ,
for any E2,F2 ∈ Γ(T B˜). Then (∇ = ∇
g + K, g, φ, ξ) is a Kenmotsu statistical
structure on B.
Proposition 3.5. [25] Let (B˜, ∇˜ = ∇G + K,G, J) and (B,∇ = ∇g + K, g, φ, ξ)
be a holomorphic statistical manifold, and the Kenmotsu statistical manifold as in
Proposition 3.4, respectively. If K(E2,F2) = 0, and K(E1,F1) = βg(E1, ξ)g(F1, ξ)ξ,
for any E2,F2 ∈ Γ(T B˜), β ∈ C
∞(B) and E1,F1 ∈ Γ(TB). Then the following
formulae hold:
(i) Rie(E1,F1)ξ = g(F1, ξ)E1 − g(E1, ξ)F1.
(ii) Rie(ξ,E1)F1 = g(E1,F1)ξ − g(ξ,F1)E1.
(iii) Rie(φE1, ξ)F1 = g(ξ,F1)φE1 − g(φE1,F1)ξ.
(iv) Rie(E1, φF1)ξ +Rie(ξ,E1)φF1 = −Rie(φF1, ξ)E1.
(v) The sectional curvature K for a plane section containing ξ is equal to
g(E,E1)− g(E1, ξ)
2 at every point of B, that is,
K(E1 ∧ ξ) = g(Rie(E1, ξ)ξ,E1) = g(E1,E1)− g(E1, ξ)
2.
Proposition 3.6. [25] Let (B˜, ∇˜ = ∇G + K,G, J) and (B,∇ = ∇g + K, g, φ, ξ)
be a holomorphic statistical manifold, and the Kenmotsu statistical manifold as in
Proposition 3.5, respectively. If B is of constant sectional curvature c and dim(B) =
2s+ 1, then the Ricci tensor Ric of B has the following forms:
(i) Ric(E1,F1) = ρ1 g(E1,F1) + ρ2 g(E1, ξ)g(F1, ξ), where
ρ1 =
c(s+ 1)− 3s+ 1
2
, and ρ2 =
−(c+ 1)(s+ 1)
2
.
Moreover, B is not a Ricci-flat statistical manifold.
(ii) Ric(E1, ξ) = −2sg(E1, ξ).
(iii) Ric(φE1, φF1) = Ric(E1,F1) + 2sg(E1, ξ)g(F1, ξ).
4. η-Ricci Solitons on Submanifolds of Kenmotsu Statistical
manifolds
A generalization of Ricci solitons in the framework of manifolds endowed with
any arbitrary linear connection ∇ different to the Levi-Civita connection of g.
Let us take the data (g, ξ, λ, ω) be an η-Ricci soliton on a submanifold N of a
Kenmotsu statistical manifold B. Then in view of equation (1.3), we have
(Lξg)(E,F) + 2Ric(E,F) + 2λg(E,F) + 2ωη(E)η(F) = 0.(4.1)
Using equation (2.2) and Theorem 3.3, we get
E− [η(E)− µ(E)]ξ = ∇Eξ = ∇Eξ + h(E, ξ).(4.2)
If ξ is tangent to N then equating tangential and normal components of (4.2) we
get
∇Eξ = E− [η(E)− µ(E)]ξ and h(E, ξ) = 0.(4.3)
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From equation (4.3) and Proposition 3.4, we get
(Lξg)(E,F) = g(∇Eξ,F) + g(E,∇
∗
Fξ)(4.4)
(Lξg)(E,F) = 2[g(E,F)− (1− β)η(E)η(F)].(4.5)
Now, in view of (4.5) and (4.1) we get
Ric(E,F) = −(λ+ 1)g(E,F)− (ω + β − 1)η(E)η(F),(4.6)
Which shows that N is almost η-Einstein. Therefore we can have the following
result
Theorem 4.1. If the data (g, ξ, λ, ω) is an almost η-Ricci soliton on a submanifold
N of a Kenmostsu statistical manifold (as in Proposition 3.5) (B,∇, g, ξ) and ξ is
tangent to N , then N is η-Einstein manifold.
Remark 4.2. By considering the dual of equations (4.3) in the theorem 4.1 we obtain
∇∗Eξ = E− [η(E)− µ(E)]ξ and h
∗(E, ξ) = 0, i.e., H∗ = 0.
Therefore, we can also state for the dual
Theorem 4.3. If the data (g, ξ, λ, ω) is an almost η-Ricci soliton on a submanifold
N of a Kenmostsu statistical manifold (as in Proposition 3.5) (B,∇
∗
, g, ξ) and ξ
is tangent to N , then N is η-Einstein manifold.
Now, using formula
R(E,F)ξ = ∇E∇Fξ −∇F∇Eξ −∇[E,F]ξ.(4.7)
From equation (4.3) we get
R(E,F)ξ = (1− β)[η(E)F− η(FE)](4.8)
from which it follows that
Ric(E, ξ) = (s− 1)(β − 1)η(E) for all E.(4.9)
Putting F = ξ in (4.6) and using (4.9) we get λ = s(1 − β) − ω. This leads to
the following result
Theorem 4.4. Let N be a submanifold of a Kenmotsu statistical manifold (as in
Proposition 3.5) (B,∇, g, ξ) and ξ be tangent to N . Then, almost η-Ricci soliton
(g, ξ, λ, ω) is shrinking, steady and expanding as
(i) If s(1− β) < ω,
(ii) If s(1− β) = ω,
(iii) If s(1− β) > ω, respectively.
Now, if ξ is normal to N , then for any E ∈ Γ(TN) and using equation (4.2) we
obtain
∇Eξ = E and h(E, ξ) = (β − 1)η(E)ξ.(4.10)
Then, we have
(Lξg)(E,F) = g(∇Eξ,F) + g(E,∇
∗
Fξ) = 0.(4.11)
Using (4.1), (4.10) and (4.11) we get
Ric(E,F) = −(1 + λ)g(E,F) + (1− β)η(E)η(F),(4.12)
which shows that N is η-Einstein. Thus we can state the following result
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Theorem 4.5. If the data (g, ξ, λ, ω) is an η-Ricci soliton on a submanifold N of a
Kenmotsu statistical manifold (as in Proposition 3.5) (B,∇, g, ξ) and ξ is normal
to N , then N is η-Einstein.
Remark 4.6. By considering the dual of equations (4.10) in the theorem 4.5 we
obtain
∇∗Eξ = 0 and h
∗(E, ξ) = E− [η(E)− µ(E)]ξ.
Therefore, we can also state for the dual as follows:
Theorem 4.7. If the data (g, ξ, λ, ω) is an η-Ricci soliton on a submanifold N of a
Kenmotsu statistical manifold (as in Proposition 3.5) (B,∇
∗
, g, ξ) and ξ is normal
to N , then N is η-Einstein .
Also, from (4.10), which implies that R(E,F)ξ = 0 and hence Ric(E,F) = 0.
Using (4.12) we have
Ric(E, ξ) = −(λ+ β)η(E).(4.13)
Therefore, λ = −β. This lead to the following result:
Theorem 4.8. Let N be a submanifold of a Kenmotsu statistical manifold (as in
Proposition 3.5) (B,∇, g, ξ) and ξ be normal to N . Then, almost η-Ricci soliton
(g, ξ, λ, ω) is shrinking, steady and expanding as
(i) If β > 0,
(ii) If β = 0,
(iii) If β < 0, respectively.
Same holds for its dual.
Now, we have the following examples based on Ricci solitons:
Example 4.9. Let (H2 = {(x, y) ∈ R2|y > 0}, g = y−2(dx2 + dy2)) be the upper
half space of constant curvature −1. An affine connection ∇ on H2 is defined by
[11]
∇∂x∂x = 2y
−1∂y,
∇∂y∂y = y
−1∂y,
∇∂x∂y = ∇∂y∂x = 0.
Then (H2,∇, g) is a statistical manifold of constant curvature 0 and it is a Ricci-flat
statistical manifold. Thus, it is a steady Ricci soliton with λ = 0.
Example 4.10. We consider a statistical manifold (M = {(x, y) ∈ R2},∇, g =
dx2 + dy2) of constant curvature −1, where an affine connection ∇ on M is given
by [18]
∇∂x∂x = −∂y,
∇∂y∂y = 0,
∇∂x∂y = ∇∂y∂x = ∂x.
Also, its conjugate connection ∇∗ on M is defined as
∇∗∂x∂x = −∂y,
∇∗∂y∂y = 0,
∇∗∂x∂y = ∇
∗
∂y∂x = −∂x.
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Then the scalar curvature of M is −2 and we say that (M,∇, g) is an Einstein
statistical manifold with λ = −1. Thus, it is a shrinking Ricci soliton with λ < 0.
Example 4.11. Let {e1, e2, e3} be an orthonormal frame field on a statistical
manifold (M = {(x, y, z) ∈ R3},∇, g = dx2 + dy2 + dz2), then an affine connection
∇ on M is given as [2]
∇e1e1 = be1,
∇e2e2 = ∇e3e3 =
b
2
e1,
∇e1e2 = ∇e2e1 =
b
2
e2,
∇e1e3 = ∇e3e1 =
b
2
e3,
∇e2e3 = ∇e3e2 = 0,
where b is some constant. Thus, (M,∇, g) is a statistical manifold of constant
curvature b
2
4 . The scalar curvature of M is
3b2
2 . Then it is an Einstein statistical
manifold with λ = b
2
2 . Hence, it is a expanding Ricci soliton with λ > 0.
5. Ricci and η-Ricci soliton in Kenmotsu statistical manifolds
Let (B,∇ = ∇g+K, g, φ, ξ) be a Kenmotsu statistical manifold as in Proposition
3.5. Consider the following equation
Lξg + 2Ric+ 2λg + 2ωη ⊗ η = 0,(5.1)
where Lξ is the Lie derivative operator along the vector field ξ, Ric is the Ricci
curvature tensor field of the metric g, and λ and ω are real constants. Writing Lξ
in terms of the dual connection
2Ric(E,F) = −g(∇Eξ,F)− g(E,∇
∗
Fξ)− 2λg(E,F)− 2ωη(E)η(F)(5.2)
for any E,F ∈ χ(B).
The data (g, ξ, λ, ω) which satisfy the equation (5.1) is said to be an η-Ricci soliton
on (B,∇ = ∇g + K, g, φ, ξ) Kenmotsu statistical manifold. In particular if ω = 0
then (g, ξ, λ) is called Ricci soliton and it is called shrinking, steady or expanding,
according as λ is negative, zero or positive respectively.
On a Kenmotsu statistical manifold (B,∇ = ∇g + K, g, φ, ξ) using (5.2) and
(3.2), the equation (5.1) becomes
Ric(E,F) = −(λ+ 1)g(E,F)− (ω + β − 1)η(E)η(F).(5.3)
In consequence of (5.3), one can bring out the following results
Theorem 5.1. Let (g, ξ, λ, ω) be an η-Ricci soliton on a Kenmotsu statistical man-
ifold (as in Proposition 3.5). Then
(i) (B,∇ = ∇g +K, g, φ, ξ) is η-Einstein.
(ii) QE = −(λ+ 1)E− (ω + β − 1)η(E)ξ, ,
(iii) scalar curvature r = −(2s+ 1)(λ+ 1)− (ω + β − 1),
where Ricci operator Q defined by g(QE,F) = Ric(E,F).
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Remark 5.2. On a Kenmotsu statistical manifold ((as in Proposition 3.5)) (B,∇ =
∇g + K, g, φ, ξ), the existence of an η-Ricci soliton implies that the characteristics
vector filed ξ is an eigenvector of Ricci operator Q corresponding to the eigenvalue
−(λ+ ω + β − 1).
6. Almost η-Ricci solitons with concircular vector field
In this section, we study the Almost η-Ricci soliton on submanifolds of Kenmotsu
statistical manifold (as in Proposition 3.5) (B,∇ = ∇g+K, g, φ, ξ) with concircular
vector field v:
Now, the concircular vector field v with respect to ∇ and ∇
∗
is given by
∇Ev = µE, ∇
∗
Ev = µE,(6.1)
Firstly, we get the following results:
Lemma 6.1. A submanifold N of a Kenmotsu statistical manifold (as in Propo-
sition 3.5) (B,∇, g, ξ) is flat or totally umbilical if and only if vT is a concircular
vector field on N .
Proof. Let us consider that a submanifold N of a Kenmotsu statistical manifold
(B,∇, g, ξ) is flat or totally umbilical. Since v is a concircular vector field on N ,
then there is a function µ on (B,∇, g, ξ) such that ∇Ev = µE. Using (2.2) and
(2.4) we get
µE = ∇Ev
T + h(E, vT )−AvNE +D
N
E v
N(6.2)
for any vector field E tangent to N . By comparing the tangential and normal
components in (6.2), we have
∇Ev
T = AvNE + µE,(6.3)
which shows that vT is concurcular vector field on (B,∇, g, ξ).
Conversely, if vT is a concircular vector field on subamnifold N , then there is a
non-trivial function η on N such that
∇Ev
T = ηE, E ∈ TN.(6.4)
By comparing the above equation and (6.4), we get
AvNE = (η − µ)E.(6.5)
This shows that when η = µ, N is flat. Otherwise N is totally umbilical. 
Remark 6.2. Now, considering the dual of the equations (6.2) and (6.3), we obtain
the following equations
µE = ∇∗Ev
T + h∗(E, vT )−A∗vNE +D
N∗
E v
N(6.6)
∇∗Ev
T = A∗vNE + µE,(6.7)
Therefore, we can also state for the dual of the Lemma (6.1)
Lemma 6.3. A submanifold N of a Kenmotsu statistical manifold (as in Proposi-
tion 3.5) (B,∇∗, g, ξ) is flat or totally umbilical if and only if vT is a concircular
vector field on N .
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Since v is a concircular vector field on the ambient manifold (B,∇ = ∇g +
K, g, φ, ξ)
v = vT + vN.(6.8)
Using equation (2.2), (2.4) and (6.8), we arrive at
µE = ∇Ev
T + h(E, vT )−AvNE +D
N
E v
N(6.9)
for any E tangent to N . By comparing the tangential and normal components
from (6.9), we arrive at
∇Ev
T = AvNE + µE,(6.10)
From the definition of the Lie derivative and euation (refc4), we obtain
(LvT g)(E,F) = g(∇Ev
T ,F) + g(∇Fv
T ,E)(6.11)
(LvT g)(E,F) = 2µg(E,F) + 2g(h(E,F), v
T )(6.12)
for any E,F tangent to N . Now, we compare (6.13) with (1.3) to conclude that
(N, g, vT , λ, ω) is a almost η-Ricci soliton if and only if
Ric(E,F) + µg(E,F) + g(h(E,F), vT ) = λg(E,F) + ωη(E)η(F).(6.13)
Now, from (6.13), we arrive at following results:
Theorem 6.4. A submanifold N of a Kenmotsu statistical manifold (as in Propo-
sition 3.5) (B,∇, g, ξ) admits an almost η-Ricci soliton (g, vT , λ, ω) if and only if
the Ricci tensor of (B,∇, g, ξ) satisfies
Ric(E,F) = (λ− µ)g(E,F)− g(h(E,F), vT )− ωη(E)η(F).(6.14)
for any E,F tangent to (B,∇, g, ξ).
Remark 6.5. By considering the dual of equations (6.9) and (6.10) we obtain
µE = ∇∗Ev
T + h∗(E, vT )−A∗vNE +D
N∗
E v
N(6.15)
∇∗Ev
T = A∗vNE + µE,(6.16)
Therefore, we can also state for the dual:
Theorem 6.6. A submanifold N of a Kenmotsu statistical manifold (as in Propo-
sition 3.5) (B,∇
∗
, g, ξ) admits an almost η-Ricci soliton (g, vT , λ, ω) if and only if
the Ricci tensor of (B,∇
∗
, g, ξ) satisfies
Ric∗(E,F) = (λ− µ)g(E,F)− g(h(E,F), vT )− ωη(E)η(F).(6.17)
for any E,F tangent to (B,∇
∗
, g, ξ).
Now, assume that an almost η-Ricci soliton (g, vT , λ, ω) on a submanifold N of a
Kenmotsu statistical manifold (B,∇, g, ξ) is totally umbilical. Then, Lemmas (6.1)
implies that vT is a concircular vector field, i.e. ∇Ev
T = µE and also from the
definition of Lie derivative, we obtain
(LvT g)(E,F) = 2µg(E,F)(6.18)
for any E,F tangent to N . By using (6.18), (6.13), (6.17) with (1.3) we obtain the
following pair of equations
Ric(E,F) = (λ− µ)g(E,F)− ωη(E)η(F).(6.19)
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Ric∗(E,F) = (λ− µ)g(E,F)− ωη(E)η(F).(6.20)
Equations (6.19) and (6.20) implies the following theorems:
Theorem 6.7. Let (g, vT , λ, ω) be totally umbilical almost η-Ricci soliton on a sub-
manifold N of a Kenmotsu statistical manifold (as in Proposition 3.5) (B,∇, g, ξ).
Then N is isometric to a sphere and its almost η-quasi-Einstein.
Theorem 6.8. Let (g, vT , λ, ω) be totally umbilical almost η-Ricci soliton on a sub-
manifold N of a Kenmotsu statistical manifold (as in Proposition 3.5) (B,∇
∗
, g, ξ).
Then N is isometric to a sphere and its almost η-quasi-Einstein.
7. Almost quasi-Yamabe soliton on submanifolds of Kenmotsu
statistical manifold
In this section, we assume that (B,∇
∗
, g, ξ) be a Kenmostu statistical manifold
as in Proposition 3.5 with a concircular vector field v and N is a submanifold in B.
We denote that tangential and normal parts of v by vT and vN , respectively.
To study that almost quasi-Yamabe solitons on a submanifold of Kenmotsu sta-
tisticakl manifold, we prove the following results:
Again, since v is a concircular vector field and by using equations (2.2) and (2.4),
we have
µE = ∇Ev
T + h(E, vT )−AvNE +D
N
E v
N(7.1)
for any E tangent to N . By comparing the tangential and normal components from
(6.9), we arrive at
∇Ev
T = AvNE + µE, h(E, v
T )−DNE v
N .(7.2)
From the definition of Lie-derivative and (7.2), we have
(LvT g)(E,F) = 2µg(E,F) + 2g(AvNE,F),(7.3)
for any vector fields E,F on N . Combining (7.3), (1.6), we obtain the
(R− λ− µ)g(E,F) = g(AvNE,F)− ωη(E)η(F).(7.4)
Now, we can state the following:
Theorem 7.1. The almost quasi-Yamabe soliton (g, vT , λ, ω) on a submanifold N
of a Kenmotsu statistical manifold (B,∇, g, ξ), as in Proposition 3.5, satisfies
(R− λ− µ)g(E,F) = g(AvNE,F)− ωη(E)η(F).(7.5)
For the dual case we also have the following theorem:
Theorem 7.2. The almost quasi-Yamabe soliton (g, vT , λ, ω) on a submanifold N
of a Kenmotsu statistical manifold (B,∇
∗
, g, ξ), as in Proposition 3.5, satisfies
(R∗ − λ− µ)g(E,F) = g(AvNE,F)− ωη(E)η(F).(7.6)
Setting E = F = ξ in (7.6) and using the fact that since N is minimal with using
(2.14), (2.15), we obtain
R = λ− ω + µ.(7.7)
Therefore, we can state as
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Theorem 7.3. If an almost quasi-Yamabe soliton (g, vT , λ, ω) on a submanifold N
of a Kenmotsu statistical manifold (B,∇, g, ξ), as in Proposition 3.5, is minimal,
then R = λ− ω + µ.
Also, for the dual case we have the following theorem:
Theorem 7.4. If an almost quasi-Yamabe soliton (g, vT , λ, ω) on a submanifold N
of a Kenmotsu statistical manifold (B,∇
∗
, g, ξ), (as in Proposition 3.5), is minimal,
then R = λ− ω + µ.
Now, we have the following corollaries for the particular value of µ = 1 in case
of concurrent vector field:
Corollary 7.5. If an almost quasi-Yamabe soliton (g, vT , λ, ω) on a submanifold N
of a Kenmotsu statistical manifold (B,∇, g, ξ) as in Proposition 3.5 with concurrent
vector field is minimal, then R = λ− ω + 1.
Corollary 7.6. If an almost quasi-Yamabe soliton (g, vT , λ, ω) on a submanifold
N of a Kenmotsu statistical manifold (B,∇
∗
, g, ξ) as in Proposition 3.5 with con-
current vector field is minimal, then R∗ = λ− ω + 1.
8. Examaples of η-Ricci solitons and almost quasi-Yamabe solitons
on Kenmotsu statistical manifolds
Example 8.1. Let (B = {(x, y, z, u, v) ∈ R5|v > 0},∇, g, φ, ξ) is a 5−dimensional
Kenmotsu statistical manifold in example (2.2) on page 4.
Then the non-vanishing components of the Riemannian curvature Rie, Ricci
curvature Ric and the scalar curvature tensor R with respect to the ∇ and ∇
∗
are
given by respectively:
Rie∇,∇
∗
(e1, e2)e1 = e2, Rie
∇,∇
∗
(e1, e2)e2 = −e1, Rie
∇,∇
∗
(e1, e3)e1 = e3,(8.1)
Rie∇,∇
∗
(e1, e3)e3 = −e1, Rie
∇,∇
∗
(e1, e4)e1 = e4, , Rie
∇,∇
∗
(e1, e5)e1 = e5,
Rie∇,∇
∗
(e1, e4)e4 = −e1, Rie
∇,∇
∗
(e1, e5)e5 = −e1, , Rie
∇,∇
∗
(e2, e3)e2 = e3,
Rie∇,∇
∗
(e2, e3)e3 = −e2, Rie
∇,∇
∗
(e2, e4)e2 = e4, , Rie
∇,∇
∗
(e2, e4)e4 = −e2,
Rie∇,∇
∗
(e2, e5)e2 = e5, Rie
∇,∇
∗
(e2, e5)e5 = ae2, , Rie
∇,∇
∗
(e3, e4)e3 = e4,
Rie∇,∇
∗
(e3, e4)e4 = −e3, Rie
∇,∇
∗
(e3, e5)e3 = aξ, , Rie
∇,∇
∗
(e3, e5)e5 = ae3,
Rie∇,∇
∗
(e4, e5)e4 = aξ, Rie
∇,∇
∗
(e4, e5)e5 = ae4, , Rie
∇,∇
∗
(e1, e4)e4 = −e1,
Therefore, the components of statistical curvature tensor with respect to ∇ and ∇
∗
is given by from (2.10) and (2.11)
S∇,∇
∗
(e1, e2)e1 = e2, S
∇,∇
∗
(e1, e2)e2 = −e1, S
∇,∇
∗
(e1, e3)e1 = e3,(8.2)
S∇,∇
∗
(e1, e3)e3 = −e1, S
∇,∇
∗
(e1, e4)e1 = e4, , S
∇,∇
∗
(e1, e5)e1 = e5,
S∇,∇
∗
(e1, e4)e4 = −e1, S
∇,∇
∗
(e1, e5)e5 = −e1, , S
∇,∇
∗
(e2, e3)e2 = e3,
S∇,∇
∗
(e2, e3)e3 = −e2, S
∇,∇
∗
(e2, e4)e2 = e4, , S
∇,∇
∗
(e2, e4)e4 = −e2,
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S∇,∇
∗
(e2, e5)e2 = e5, S
∇,∇
∗
(e2, e5)e5 = ae2, , S
∇,∇
∗
(e3, e4)e3 = e4,
S∇,∇
∗
(e3, e4)e4 = −e3, S
∇,∇
∗
(e3, e5)e3 = aξ, , S
∇,∇
∗
(e3, e5)e5 = ae3,
S∇,∇
∗
(e4, e5)e4 = aξ, S
∇,∇
∗
(e4, e5)e5 = ae4, , S
∇,∇
∗
(e1, e4)e4 = −e1,
Ric∇,∇
∗
(e1, e1) = Ric
∇,∇
∗
(e2, e2) = Ric
∇,∇
∗
(e3, e3) = Ric
∇,∇
∗
(e4, e4) = −4(8.3)
Ric∇,∇
∗
(e5, e5) = 3a+ 1.(8.4)
R∇,∇
∗
= 3a− 15.(8.5)
In the case of η-Ricci solitons, from (1.3), for λ = 3 and ω = −(β + 3a + 4), the
data (g, ξ, λ, ω) admitting an expanding η-Ricci solitons on (B = {(x, y, z, u, v) ∈
R
5|v > 0},∇, g, φ, ξ) Kenmotsu statistical manifold.
Now, in the case of almost quasi-Yamabe solitons from (1.6), for λ = 3a − 16
and µ = 1−β, therefore (g, ξ, λ, ω) admitting an expanding and shrinking a almost
quasi-Yamabe soliton corresponding to a > 5, a < 5 on (B = {(x, y, z, u, v) ∈
R
5|v > 0},∇, g, φ, ξ) Kenmotsu statistical manifold.
References
[1] Amari, S., Differential-Geometrical Methods in Statistics. Lecture Notes in Statistics,
Springer-Verlag: New York, USA, 28 (1985).
[2] Aytimur, H., Ozgur, C., Einstein Statistical Warped Product Manifolds, Filomat, 32(11),
3891-3897 (2018).
[3] Chaki, M. C., Maity, R. K., On quasi Einstein manifolds, Publ. Math. Debrecen, 57 297-306,
(2000).
[4] Chen, B. Y., Some results on concircular vector fields and their applications to Ricci solitons,
Bull. Korean Math. Soc., 52 (5), 1535-1547 (2015)
[5] Chen, B. Y, and Desahmukh, S., Yamabe and quasi-Yamabe soliton on euclidean submani-
folds, Mediterranean Journal of Mathematics August (2018), DOI: 10.1007/s00009-018-1237-
2.
[6] Blaga, A. M., η-Ricci solitons on para-Kenmotsu manifolds, Balkan Journal of Geometry
and Its Applications, 20(1), 1-13, (2015)
[7] Blaga, A. M., η-Ricci solitons on Lorentzian para-Sasakian manifolds, Filomat 30(2)489-496
(2016)
[8] Cho, J. T. and Kimura, M., Ricci solitons and Real hypersurfaces in a complex space form,
Tohoku Math.J., 61 205-212, (2009)
[9] Calin, C and Crasmareanu, M., From the Eisenhart problem to Ricci solitons in f-Kenmotsu
manifolds Bulletin of the Malaysian Mathematical Sciences Society, 33(3), 361368, (2010)
[10] Crasmareanu, M., A New Approach to Gradient Ricci Solitons and Generalizations. Filomat
32(9) (2018)
[11] Furuhata, H., Hypersurfaces in statistical manifolds. Diff. Geom. Appl. 27, 420-429 (2009)
[12] Furuhata, H., Hasegawa, I., Submanifold theory in holomorphic statistical manifolds, In:
Dragomir, S., Shahid, M.H., Al-Solamy, F.R. (eds.) Geometry of Cauchy-Riemann Subman-
ifolds, pp. 179-215, Springer, Singapore (2016)
[13] Furuhata, H., Hasegawa, I., Okuyama, Y., Sato, K.: Kenmotsu statistical manifolds and
warped product. J. Geom. DOI 10.1007/s00022-017-0403-1 (2017)
[14] Fialkow, A., Conformal geodesic, Trans. Ammr. Math. Soc. 45(3), 443-473 (1939).
[15] Kenmotsu, K., A class of almost contact Riemannian manifolds. Tohoku Math. J. 24, 93-103
(1972)
STUDY OF SOLITONS ON SUBMANIFOLDS OF KENMOTSU IN. . . 17
[16] Lauritzen, S.: In statistical manifolds. In: Amari, S., Barndorff-Nielsen, O., Kass, R., Lau-
ritzen, S., Rao, C.R. (eds.) Differential Geometry in Statistical Inference, 10, pp. 163216.
IMS Lecture Notes Institute of Mathematical Statistics, Hayward (1987)
[17] Hamilton, R. S., The Ricci flow on surfaces, Mathematics and general relativity, (Santa Cruz.
CA, 1986), Contemp. Math. 71, Amer. Math. Soc., 237-262, (1988)
[18] Muratha n, C., Sahin, B., A study of Wintgen like inequality for submanifolds in statistical
warped product manifolds. J. Geom. 109(30) (2018)
[19] Nagaraja, H. G. and C. R. Premalatha, C. R., Ricci solitons in Kenmotsu manifolds Journal
of Mathematical Analysis, 3(2), 1824 (2012)
[20] Opozda, B., Bochner’s technique for statistical structures. Ann. Glob. Anal. Geom. 48(4),
357-395 (2015)
[21] Opozda, B., A sectional curvature for statistical structures. Linear Algebra Appl. 497, 134-
161 (2016)
[22] Pigola, S., M. Rigoli, Rimoldi, M., Setti, A., Ricci almost solitons, Ann. Sc. Norm. Super.
Pisa Cl. Sci. 10(5) 757-799 (2011)
[23] Siddiqi, M. D., Bahadir, O. η-Ricci solitons on Kenmotsu manifolds with generalized symmet-
ric metric connection, Facta Universitatis (NIS), Ser. Math. Inform. 35(2), 295-310 (2020)
[24] Siddiqi, M. D., η-Ricci solitons in 3-dimensional normal alomst contact metric mani-
folds, Bulletin of the Transilvania University of Brasov Series III: Mathematics, Informatics,
Physics, 11(60), No. 2, 215-234, (2018)
[25] Siddiqui, A.N., Suh, Y.J., Bahadir, O. Extremities for statistical submanifolds in Kenmotsu
statistical manifolds, 2019.
[26] Siddiqui, A.N., Chen, B.-Y., Bahadir, O. Statistical solitons and inequalities for statistical
warped product submanifolds, Mathematics 7(9), 797 (2019)
[27] Vos, P. W., Fundamental equations for statistical submanifolds with applications to the
Bartlett correction. Ann. Inst. Stat. Math. 41(3) 429-450 (1989)
[28] Yano, K., Kon, M., Structures on manifolds. Worlds Scientific, Singapore (1984)
[29] Zhao, P., De, U.C., Mandal, K. and Han, Y.: Certain Curvature Conditions on Ken-
motsu Manifolds Admitting a Quarter-Symmetric Metric Connection. PUBLICATIONS DE
L’INSTITUT MATHMATIQUE, Nouvelle srie, tome 104(118), 169-181 (2018)
Department of Mathematics,, Faculty of Science,, Jazan University, Jazan,, Kingdom
of Saudi Arabia
E-mail address: msiddiqi@jazanu.edu.sa
Department of Mathematics,, Faculty of Natural Sciences,, Jamia Millia Islamia,,
New Delhi - 110025, India
E-mail address: aliya148040@st.jmi.ac.in
Department of Mathematics,, Hokkaido University,, Sapporo 060-0810, Japan
E-mail address: n-satoh@math.sci.hokudai.ac.jp
Department of Mathematics,, Faculty of Science and Letters,, Kahramanmaras Sutcu
Imam University,, Kahrmanmaras, TURKEY
E-mail address: oguzbaha@gmail.com
